Proofs of several statements made in the main text, an explanation of the fundamental differences between our experimental test of Klyachko et al.'s inequality and Lapkiewicz et al.'s experiment [Nature (London) 474, 490 (2011)], and an explanation of why some results that may be interpreted as in conflict with quantum mechanics are actually not in conflict.
WRIGHT'S INEQUALITY IS THE SIMPLEST CLASSICAL INEQUALITY VIOLATED BY QUANTUM MECHANICS
Proof: Every test of a classical inequality requires measuring the probabilities of a set of propositions. By taking into account that −P (Q) = −1+P (∼ Q), where P (∼ Q) is the probability of the proposition "not Q", any linear combination of probabilities with rational coefficients can be written as a sum of probabilities. This sum can have a different upper bound depending on whether probabilities can be described by classical theories or with quantum mechanics. It has been recently proven [1] that these bounds are respectively given by two characteristic numbers of the graph G in which vertices represent propositions and are connected if and only if the propositions are exclusive: the independence number α(G) [2] and the Lovász number ϑ(G) [3] . Therefore, every experiment in which quantum mechanics violates a classical inequality may be associated to a graph in which α(G) < ϑ(G). Among all the graphs with α(G) < ϑ(G), the pentagon is not only the simplest one, but the only one with less than six vertices [4] . The pentagon is precisely the graph corresponding to five pairwise exclusive propositions and, therefore, the graph associated to Wright's inequality. * Correspondence to: boure@fysik.su.se
KLYACHKO ET AL.'S INEQUALITY IS THE SIMPLEST CORRELATION INEQUALITY VIOLATED BY SINGLE QUTRITS
Proof: Simplicity is here measured in terms of the number of correlations tested in the experiment. Suppose an inequality with 4 (rather than 5) correlations Q i Q i+1 : this implies having 4 (rather than 5) observables Q i . Since Q i is dichotomic, in a Hilbert space of dimension d = 3 it can always be written as a function of a rank-one projector operator,
] = 0 for i = 0, 1, 2, 3, then two out of the 4 projectors must be identical, e.g., P 0 = P 3 , thus the 4 observables reduce to 3. In this case there is no quantum violation of the corresponding inequality, and this holds for any d. However, if d > 3, then there are d > 3 projectors such that [P i , P i+1 ] = 0 for i = 0, 1, . . . , d − 1.
THE MAXIMUM QUTRIT VIOLATION OF KLYACHKO ET AL.'S INEQUALITY IS THE MAXIMUM QUANTUM VIOLATION
Proof: As commented in Sec. , the maximum quantum value of any noncontextuality inequality (using quantum systems of arbitrary dimension) can be obtained by calculating the Lovász number of the graph in which vertices represent propositions and are connected if and only if the propositions are exclusive [1] . For Klyachko et al.'s inequality, this calculation leads to 5−4 √ 5, the value obtained using qutrits. There is no gainby using quantum systems of higher dimension.
DIFFERENCES WITH LAPKIEWICZ ET AL.'S EXPERIMENT [NATURE (LONDON) 474, 490 (2011)]
There are fundamental, conceptual and experimental, differences between our our experimental test of Kly- (ii) Lapkiewicz et al.'s experiment is not a proper test of a noncontextuality inequality, since the same observable is measured with different setups in different contexts. This, which may seem reasonable assuming quantum mechanics, is a defect for an experimental test of a noncontextuality inequality. The reason is that, in that case, Bell's objection ("there is no a priori reason to believe that the results for A should be the same" [6] ) is more than reasonable. For an extended discussion on how a proper realization of the sequential measurements (such as those implemented in previous experiments [7, 8] ) avoids Bell's objection, see [9, 10] . Now let us examine why Lapkiewicz et al. made this choice. Lapkiewicz et al. claim that "The construction of the measurements in our experiment enforces their compatibility and thus makes the experiment immune to the compatibility loophole" (the compatibility loophole, which affects all experimental tests of noncontextuality inequalities with sequential measurements, is discussed in [11] ). In order to understand what Lapkiewicz et al. mean, and which price they pay for it, we have to give more details about their experiment.
They encode a three level system by using a photon and three paths. In this encoding, a natural measurement base for implementing the projectors corresponding to the observables Q i is the one consisting of the three distinguishable paths. Each eigenstate of Q i can be mapped to a separate path by applying the right rotation. This rotation is a change of base from the encoding base into the measurement base where the operator Q i is diagonalized. For compatible observables such as Q i and Q i+1 , quantum mechanics guarantees that both can be diagonalized simultaneously. In this case, the three vectors used in the diagonalization of Q i and Q i+1 are |v i , |v i+1 , and the one which is orthogonal to both of them. The compatibility between Q i and Q i+1 is guar-anteed by the fact that the second operator is already in the diagonalized base of the first.
The price they have to pay for using this approach is that each observable is measured using a different construction in each context, since the rotation made to get to the measurement base is different for each pair of observables. To clarify this, we look at how the next sequential measurement, Q i+1 and Q i+2 , are constructed. Here a new rotation is needed, since Q i+2 is not compatible with Q i and cannot be diagonalized in the same base. Therefore, they need to choose a new diagonalization using the vectors |v i+1 , |v i+2 , and one orthogonal to both of them. However, this is not the same implementation of Q i+1 used when measuring Q i and Q i+1 .
A way to avoid these undesirable context dependent constructions is to keep the same encoding not only between the preparation and the observables, but also between the observables measured sequentially themselves. Then, the rotation is only used for sorting each eigenstate to separate paths, where it is possible to encode the information of the projection in some other degree of freedom such as time (as in our experiment 2) or, if it is possible, to perform a nondemolition measurement in which the information can be retrieved directly (as in [7] ). After this, the rotation needs to be undone before exiting the observable and entering the next observable in the line (see the main article for more information). This approach allows us to measure the observables using the same device regardless of which other observables are measured together with it, and of the order of the measurements. A drawback of this approach is that the compatibility between observables is difficult to guarantee, since they are completely decoupled from each other.
(iii) In addition, our experiment 2 allows us to test whether correlation between Q i and Q i+1 does not depend of the order in which these measurements are performed (in a similar way in a Bell test the correlation does not depend on which party measures first). Lapkiewicz et al.'s experimental setup does not allow such a test.
BETTER-THAN-QUANTUM RESULTS?
The 5 dichotomic observables measured in our experiments 1 and 2 are defined form their respective eigenstate with negative eigenvalue. These states are ordered in 5 pairs, such that each pair contains mutually exclusive measurements (i.e., associated to orthogonal vectors, in the language of quantum mechanics) and, if the exclusiveness is represented by an edge and the states by vertices, form a pentagram in the plane they lie. The input state, |ψ in Fig. 1 , is standing through the middle of the pentagram with the states symmetrically around it. The measurements can then be represented by projections of the input state on the operator eigenstates. Now, if the pairs of operator eigenstates are not perfectly exclusive, i.e., the angle θ (see Fig. 1 ) between them and the input state is either slightly larger or smaller, then the measurements will yield a value either lower or higher than the theory predicts for the ideal situation. Therefore, if all five vectors have an angle that is smaller than required, then all the values in Wright's inequality will be slightly higher, resulting in a value which is not achievable with quantum mechanics, assuming that all pairs perfectly commute. This explains the experimental values reported in the main text. If the angle π/5 in the vectors component r = cos(π/5) [Eq. (3) in the main text] is deviated to a smaller angle π/5 − 0.065, then one reproduces the result in our experiment. In our experimental setup, this deviation may correspond to a 1.8 degrees error on the setting of the half wave plate marked as "21 • ".
